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We study the relationship between microstructure and rheology of spherical micelles formed by a triblock
copolymer consisting of polyethylene oxide and polypropylene oxide in aqueous solutions. Small angle neu-
tron scattering~SANS! is used to determine the self-association and hydration of the micelles at various
polymer concentrations and temperatures. The intermicellar interaction can be described as a hard core repul-
sion with surface attraction. At elevated temperatures, the polymeric micelles exhibit a higher degree of
association, dehydration, and surface adhesion. The low shear viscosity of the micellar solution is evaluated as
a sum of the hydrodynamic contribution and a contribution from the interparticle interaction. The latter part is
calculated based on the formula proposed by de Schepper, Smorenburg, and Cohen@Phys. Rev. Lett.5, 2178
~1993!#. We adopt Baxter’s model of a hard sphere with an adhesive surface to evaluate the interparticle
structure factor and find that the surface attraction effectively increases the viscosity at high volume fractions.
To calculate the relative viscosity at low shear rate of the polymeric micellar solutions, we use the volume
fractions and intermicellar interaction potentials extracted from SANS data analysis. We obtain excellent
agreement between the calculated viscosity values and the experimental measurements.
@S1063-651X~96!11708-6#

PACS number~s!: 61.12.Ex, 61.25.Hq, 82.70.Dd, 83.70.Hq

I. INTRODUCTION

Polyethylene oxide containing block copolymers repre-
sent a class of polymers that associate spontaneously in
aqueous solutions. The self-association is often characterized
by sensitivity to temperature, concentration, and solvency
@1#. In particular, a family of triblock copolymer surfactants
composed of polyethylene oxide and polypropylene oxide
~PEO-PPO-PEO! of various molecular weights and block
lengths, under trade names of Pluronics~from BASF! or
Poloxamers~from ICI! @2#, has been extensively studied@3#.
Various techniques have been used, including static and dy-
namic light scattering@4,5#, small angle neutron scattering
~SANS! @6#, fluorescence@7#, thermal analysis with differen-
tial scanning calorimetry@8#, and diffusivity study with
NMR @9#. Phase diagrams have been examined at various
temperature and concentration regions and shown the variety
of phases of triblock copolymers in aqueous solutions@6,10#.
The phases include single-chained polymer coil, micelle, liq-
uid crystal, and mixed phases. By altering the total molecular
weight and the relative PEO to PPO ratio, aggregation and
phase behaviors can be controlled systematically. Conse-
quently, the triblock copolymers have widespread industrial
applications in detergency, dispersion stabilization, foaming-
defoaming, emulsification, gelation@2#, and pharmaceutical
usages such as drug solubilization and controlled release and
bioprocessing@3,11#.

The self-association of PEO-PPO-PEO can be understood
from the hydrophobic effect@12#, and is ultimately deter-

mined by the hydrophobicity and hydrophilicity of the build-
ing blocks and their interactions with the polar solvent~wa-
ter! @1,13#. Both PEO and PPO blocks show hydrophilicity at
low temperature and increased hydrophobicity at high tem-
perature. PPO is more hydrophobic than PEO and tends to
aggregate together to avoid contact with polar solvent mol-
ecules. At high temperature or concentration, the copolymer
chains aggregate to form micelles with PPO blocks shielded
by a layer of PEO blocks that are relatively compatible with
solvent molecules. Due to the structural and chemical simi-
larity of the two building blocks, micellization of the triblock
copolymer tends to exhibit a gradual rather than an abrupt
transition. Both critical micellization concentration~CMC!
and critical micellization temperature~CMT! exist and
depend strongly on the molecular weight and relative
hydrophobe- hydrophile ratio of the polymer surfactant.

Previous researchers have focused attention mainly on
two aspects of the polymeric micellar systems@3#. One as-
pect is on the properties related to micelle formation, such as
CMC and CMT, and on the microstructure such as aggrega-
tion number, volume fraction, size and shape of micelle, and
their dependency on surfactant molecular weight and com-
positions@4,6#. The other aspect is on the thermodynamics of
micellization, based either on enthalpy and entropy extracted
from experimental CMC and CMT data and differential
scanning calorimetry measurements@7#, or on Flory-Huggins
types of solute-solvent and solute-solute interaction theories
@14#. A mean field lattice model has been developed to de-
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scribe the micelle formation and explain the experimental
trend semiquantitatively@13#.

One of the most important features of the triblock copoly-
mer solution is its rheological behavior, which leads to nu-
merous practical applications. For example, the copolymer
surfactant can be used as viscosity modifier and gelation
agent. Viscosity of the solution can be effectively monitored
by controlling the polymer concentration, temperature, shear,
and pressure. However, the rheological behaviors are the
least understood in comparison with the structure and ther-
mal properties of the solution. Brownet al. studied the vis-
coelasticity of a gel phase formed by Pluronic P85
~PEO25-PPO40-PEO25) using oscillatory shear measure-
ments at a fixed low frequency@5#. Pandyaet al. studied the
viscosities of Pluronic L64~PEO13-PPO30-PEO13) in water
at temperature ranges from 25 to 55 °C and concentration
ranges from 1.0 to 10.0 g dl21 @15#. In the work of Pandya
et al., Huggins constantsK8 and hydration numbers were
extracted from the viscosity data, based on phenomenologi-
cal formulations applicable in a relatively dilute solution.
The authors avoided higher concentration regions but indi-
cated that the complication was associated with the strong
intermicellar interactions. The formulations developed for
the dilute solution cannot explicitly address the interaction
among the solute particles. Studies of rheology largely rely
on existing experimental data. No prediction can be reason-
ably made for solute concentrations beyond the measure-
ments.

Our work aims at establishing a relationship between the
microstructure and interaction of the solution and the rheol-
ogy. We present a method to relate the microstructure and
interaction with the low shear viscosity and viscoelasticity
for spherical micelles formed by a PEO-PPO-PEO block co-
polymer surfactant in aqueous solutions.

II. MICROSTRUCTURE OF POLYMERIC MICELLES

The triblock copolymer surfactant we study is Pluronic
P84 from BASF. It contains 40 wt % of polyethylene oxide
and 60 wt % of polypropylene oxide. Its corresponding
chemical formula is PEO19-PPO43-PEO19. This surfactant
has total molecular weight of 4200 and molecular volume of
6920 Å3. Micellar solutions were made with Pluronic P84
dissolved in deuterated water. Pluronic P84 polymer was
used as received without further purification. Deuterated wa-
ter was purchased from Cambridge Isotope Company. The
cloud point of the solutions is 75 °C.

Micellization occurs above CMC and~CMT!. Micelliza-
tion has no sharp boundary but a rather broad coexistence
region of large aggregates and single chained polymers. Dy-
namic light scattering shows that Pluronic micellar solution
exhibits significant polydispersity at low temperature, and
monodispersity at high temperature@4#. Batch-to-batch
variations of the surfactant supplies with composition hetero-
geneities, such as diblock copolymer impurities, consider-
ably affect micelle formation and surface tension, but have
little effect on the micellar structure and intermicellar inter-
action. We focus on the microstructure and interaction of
micelles and ignore the impurities and heterogeneity. The
concentration and temperature ranges are selected within the
micellar phase.

The size of the polymeric micelles formed by Pluronic
P84 is about 10 nm. Detailed information about the micellar
structure and interaction requires a probe having a wave-
length comparable with the particle dimension. Small angle
neutron scattering with a neutron wavelength in the range
5–10 Å is an appropriate and powerful tool. SANS measure-
ments are made using a high contrast solvent D2O against
the hydrogenated block copolymer. It is assumed that no
isotope effects are present with the microstructure of mi-
celles.

SANS experiments were performed at the Brookhaven
National Laboratory and the National Institute of Standards
and Technology. The polymer solution samples were con-
tained in 1-mm quartz cells. The neutron wavelength used
was 7 Å. A series of polymer concentrations ranging from
2.6 to 23 wt % was studied at temperatures from 30 to
60 °C.

Figure 1 illustrates a typical series of SANS intensity dis-
tribution functions I (k) (k is the magnitude of scattering
wave vector! for different polymer concentrations at tem-
peratureT555 °C. SANS intensity distribution functions in-
dicate that the spatial correlations of micelles are liquidlike.
Mortensen and co-workers used the hard sphere model to
analyze SANS data of similar micellar solutions@6#. In their
treatment, the hard sphere diameter for the structure factor,
the radius for the spherical form factor, and the volume frac-
tion were used as the independent fitting parameters. The
scattering lengths’ densities were approximately known. Al-
though crude, the hard sphere model was successful in de-
scribing the characteristics of the polymeric micellar system.

The association of copolymer surfactant molecules is
quite obvious from the increase of the scattering intensity
with temperature. Figure 2 shows SANS intensity distribu-
tion I (k) for a 12.5 wt % solution as temperature ranges
from 21 to 55 °C. At the lowest temperature~21 °C!, there is
hardly any association. As the temperature increases, aggre-
gates form and grow bigger, corresponding to higher peak
intensities and peak positionskmax at smallerk.

The microstructure of the pluronic micelles has been in-

FIG. 1. SANS intensity distribution functionsI (k) for micellar
solutions at polymer concentrations of 2.6, 6.1, 8.8, 12.5, 17.9, and
22.9 % atT555 °C. Solutions at higher polymer concentrations
have peaks at largerkmax values.
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vestigated by many researchers@1,4–6#. It is described as a
sphere or an ellipsoid with a hydrophobic core and a hy-
drated corona. The core is composed of PPO segments, and
the corona accommodates PEO segments and solvent mol-
ecules. The degree of association is described by the mean
aggregation number, which is related to the radius of the
hydrophobic core under the compact packing conditions. The
degree of hydration is determined by the volume occupied by
the solvent molecules in the corona, which is the difference
between the micellar volume and the dry surfactant volume.
The volume fraction of the micelles is determined by the
number density of the micelles and the hydrated volume of
each micelle.

Careful analysis ofI (k) can yield accurate information
about the detailed microstructure of a micelle. The coherent
scattering intensity from micelles in solution is written as

I ~k!5cNF(
i
bi2rsVMG2P~k!S~k!, ~1!

whereP(k) is the normalized particle form factor,S(k) the
interparticle structure factor,c the molar concentration of the
polymeric surfactant,( ibi the sum of the scattering lengths
of all atoms in a surfactant molecule,VM the volume of the
surfactant, andrs the scattering length density of the solvent.
To account for the aggregation of the central block of the
polymer and solvation, a two-shell model is adopted for
evaluation of the form factorP(k). The two-shell model has

been successfully used in SANS data analysis of ionic mi-
celles formed by sodium dodecyl sulfate@16#.

P~k!5Fj 3 j 1~ka!

ka
1~12j!

3 j 1~kb!

kb G2, ~2!

where j 1(k) is the spherical Bessel function of order one.
The parametersa andb are the radius of the inner core and
the outer corona. The dimensionless factorj describes the
neutron scattering length distributions in the core and the
corona.

j5
vPPO~rcore2rcorona!

( ibi2rsVM
, ~3!

wherercore andrcoronaare the scattering length densities of
the micellar core and corona. The micellar core is assumed to
be composed of densely packed PPO blocks.

rcore5
bPPO
vPPO

. ~4!

The corona of the micelle contains PEO blocks and solvent
molecules.

rcorona5
bPEO1HbD2O

vPEO1Hv D2O
, ~5!

wherebPPO, bPEO and bD2O are scattering lengths of PPO
block, two PEO blocks in the triblock copolymer molecule,
and that of the solvent.vD2O is the molecular volume of

D2O solvent.vPPO and vPEO are the total volumes of PPO
block and PEO blocks in a surfactant molecule. The hydra-
tion numberH, defined as the average number of solvent
molecules per copolymer chain, is determined by the volume
occupied by water molecules in the outer corona.

H5
~4p/3N!~b32a3!2vPEO

vD2O
, ~6!

where the aggregation numberN is related to the core vol-
ume by

N5
4p/3a3

vPPO
. ~7!

The molecular volumes and scattering lengths of the con-
stituting polymer segments and the solvent are listed in Table
I. The total volumes and scattering lengths can be calculated

TABLE I. Molecular volumes and scattering lengths of the Pluronic P84 triblock copolymer surfactant
and the solvent.

Chemical Molecular Molecular Scattering length
formula weight volume~Å 3) (bi ~1025 Å!

EO —~CH2)2O— 44 72.4 4.14
PO —~CH2)3O— 58 95.4 3.31
P84 PEO19PPO43PEO19 4200 6920 302.1

Solvent D2O 20 30.3 19.153

FIG. 2. SANS intensity distribution of 12.5 % micellar solution
at 21, 30, 35, 40, 45, 55, and 60 °C. Higher peak amplitude corre-
sponds to higher temperature.
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according to the chemical formula PEO19-PPO43-PEO19 for
this copolymer surfactant. Given the aggregation number and
the hydration number, the microstructure of a micelle can be
determined.

The information about the microstructure is sufficient for
a dilute suspension, for which the interactions among mi-
celles are negligible. Micellar interaction and distribution
must be taken into account for higher concentrations through
the evaluation of the interparticle structure factorS(k).

A hard sphere model with an adhesive surface is intro-
duced in order to describe the attractive intermicellar inter-
action. We model the hard sphere with an adhesive surface in
terms of the Baxter potential. The pairwise interparticle in-
teraction potential is written as@17#

f~r !

kBT
5H 1` for 0,r,R8

V for R8,r,R

0 for R,r ,

~8!

wherekB is Boltzmann’s constant andT absolute tempera-
ture. Baxter expressed the attractive potentialV as

V5 lnS 12t R2R8

R D . ~9!

This way the second virial coefficient of the system has a
simple expression in terms of the parameter 1/t. For the
evaluation of viscosity, it is more appropriate to use the sur-
face potentialV.

Baxter used the Percus-Yevick approximation to calculate
the structure factor to first order in the surface layer thick-
ness. Define the fractional surface thicknesse[(R2R8)/R
as being small but a finite number. The Ornstein-Zernike
equation is solved under the conditions

H~r !5rh~r !5H 2r for 0,r,R8

lR2

12~R2R8!
for R8,r,R

~10!

and

c~r !50, r.R, ~11!

wherel is determined by a solution of a quadratic equation
involving the volume fractionsf andt. The total correlation
function h(r ) in the core is given by the varial expansion
method. Baxter gave an analytical solution of the direct cor-
relation functionc(r ) inside the core as an explicit function
of t and e, besides the volume fractionf @17#. Define the
following parameters at a givenf:

G5
f~11f/2!

3~12f!2
,

D5t1f/~12f!,

l5
6~D2AD22G!

f
, ~12!

m5lf/~12f!,

a5
~112f2m!2

~12f!4
,

b52
3f~21f!222m~117f1f2!1m2~21f!

2~12f!4
.

The dimensionless parameterQ[kR is defined as the
product of the magnitude of the wave vector transferk and
the particle diameterR. The structure factorS(Q) can be
evaluated from the Fourier transform of the direct correlation
function c(Q), which contains a part from the hard core
~HC! and an excess contribution due to the adhesive surface:

1

S~Q!
21524pr@cHC~Q!1cex~Q!#, ~13!

wherer is the number density of the particles, and can be
related to the volume fraction byf5p/6rR3. Note thatR
corresponds to the minimum intermicellar distance and
equals the diameter of the particle. More explicitly, the struc-
ture factor can be written in terms of the parameters defined
above as

1

S~Q!
21524fFa f 2~Q!1b f 3~Q!1

1

2
fa f 5~Q!G

14f2l2e2F f 2~eQ!2
1

2
f 3~eQ!G

12f2l2@ f 1~Q!2e2f 1~eQ!#

2
2fl

e
@ f 1~Q!2~12e!2f 1„~12e!Q…#

224f@ f 2~Q!2~12e!3f 2„~12e!Q…#.

~14!

The functionsf n(x) are defined as

f 1~x!5
12cosx

x2
,

f 2~x!5
sinx2x cosx

x3
,

~15!

f 3~x!5
2x sinx2~x222!cosx22

x4
,

f 5~x!5
~4x3224x!sinx2~x4212x2124!cosx124

x6
.

The structure factorS(Q) for hard spheres with adhesive
surfaces is an explicit function of three parameters: the vol-
ume fractionf, the surface adhesion potentialV, and the
fractional surface layer thicknesse.

Figure 3 illustratesS(Q) at a constant volume fraction
f50.3 for a hard sphere system and adhesive hard sphere
systems withV521 and22, where the fractional surface
thickness is fixed at 0.01. The structure factors for hard
spheres with different surface adhesive potentials are obvi-
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ously distinguishable. Meanwhile, the structure factor for the
systems with the same surface potential and different layer
thickness is also demonstrated. Figure 4 showsS(Q) with a
fixed surface potentialV521 but surface layer thickness
e ranging from 0.001 to 0.05. The structure factor is equally
sensitive to the surface thickness as well as to the depth of
the attractive potential.

The structure factor for an adhesive hard sphere system
depends on bothV and e. However, it can be shown that
S(Q) is determined only by the parametert whene is taken
as infinitesimal. Fig. 5 shows the structure factors at
f50.2 for three different sets of (V, e) with the samet
value (t53.066). These three configurations are (22.609,
0.002!, (21.0, 0.01!, and~0.0986, 0.03!. In the upper graph,
structure factors given by these three sets are hardly distin-

guishable at the smallQ region. On the other hand, there are
noticeable discrepancies at the largeQ region. These dis-
crepancies, as shown in the next section, result in drastically
different rheological properties.

The scattering intensityI (Q) is proportional to the prod-
uct of the interparticle structure factorS(Q) and the intra-
particle structure factorP(Q). For Q larger than 15, the
shape ofI (Q) is essentially suppressed by the fast decreas-
ing P(Q) sinceS(Q) approaches unity. In a typical small
angle neutron or x-ray scattering experiment, the structure
factor S(Q) can be considered to depend on the parameter
t only. The exact set of attractive potential and surface thick-
ness simply cannot be resolved as far as the experimental
resolution is concerned. This explains why Kuet al.success-
fully analyzed SANS data of a water-in-oil droplet micro-
emulsion by using a sticky sphere model witht as the only
parameter@18#. Using two parametersV ande is unlikely to
obtain a unique set of fitting parameters.

To reduce the number of free parameters in SANS data
analysis, a reasonable value fore may be assigned. The di-
ameter of the polymeric micelles is of the order of 100 Å,
and presumably the sticky surface is of molecular dimension.
We takee50.01 for simplicity and use surface potentialV
as a free parameter throughout the procedure of SANS data
analysis.

The microstructure and interaction of Pluronic P84 poly-
meric micelles can be obtained by fitting SANS data into an
absolute intensity scale. We use three independent fitting pa-
rameters, the radius of inner corea, the radius of outer co-
ronab, and the attractive potentialV. Aggregation number
and hydration number are calculated according to Eqs.~6!

FIG. 3. Structure factorS(Q) at volume fraction 0.3 and fixed
surface thicknesse50.01 with various surface adhesive potentials
V in contrast with the hard sphere model. Solid line is for hard
sphere system. Dotted and dashed lines are forV of 21 and22,
respectively.

FIG. 4. Structure factorS(Q) at volume fraction 0.3 and fixed
potentialV521 with various surface thicknesse values. Solid,
dashed, and dot-dashed lines are fore of 0.05, 0.01, and 0.001,
respectively.

FIG. 5. Structure factorS(Q) at volume fraction 0.2 and fixed
t53.066 from different configurations ofV and e. Solid, dashed,
and dotted lines are for (V, e) sets of (22.609, 0.002!, (21.0,
0.01!, and~0.0986, 0.03!, respectively. The upper and lower graphs
indicate smallQ ~lower than 15! and largeQ ~higher than 30!
behaviors, respectively.
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and~7! and further used to calculate the volume of a micelle.
The number density of the micelles is equal to the number
density of surfactant molecules divided by the mean aggre-
gation numberN. The volume fraction is given by the vol-
ume of a micelle and the number density of micelles. Thus
the microstructure of the micelle is uniquely determined
once the three fitting parameters are known.

SANS intensity distribution functions of Pluronic P84 are
analyzed for five temperatures, 35, 40, 45, 55, and 60 °C. A
Fortran code based on a gradient searching nonlinear least
square fitting method is written and used to fit SANS data
into absolute intensities. Fig. 6 shows some SANS data and
fits at moderate concentrations at 40 and 55 °C. The quality
of fitting is reasonably good for all the samples from 2.6 to
23 wt % at 35, 40, 45, and 55 °C. SANS fits at largek are
poor due to the oversimplified particle form factor. The poly-
mer segment distribution inside the hydrated corona of a
micelle is more likely to vary withr rather than be a constant
with a sharp boundary as described by the two-shell model.
Furthermore, the two-shell sphere model is not valid for
60 °C because the shape of the micelle deviates from sphe-
ricity significantly.

Important parameters on the microstructure of the mi-
celles are listed in Table II. The aggregation number and

core radius can be determined within an accuracy of 2%, and
other parameters of 5–10 %. The aggregation number of the
micelle remains the same at different surfactant concentra-
tions, but is very sensitive to temperature. As temperature
increases from 35 to 55 °C, aggregation number increases
from 63 to 105. The micellar core grows from 39.6 to
46.4 Å , but hydration decreases with temperature. The outer
corona radius remains more or less the same~increased by a
maximum 10%! in all the cases . This agrees with the results
of many similar micellar solutions studied by other research-
ers@3#. It is also found that at a given temperature, the ratio
of volume fraction of micelles to the volume of dry surfac-
tant molecules is a constant, and furthermore the attractive
potential is also a constant. This leads one to conclude that,
in contrast with a typical ionic micellar solution, the micro-
structure of the micelles formed by the triblock copolymer of
PEO and PPO is determined by temperature, and indepen-
dent of the polymer concentration.

From the surface adhesion parameters, it is clear that the
micelles grow and become stickier at elevated temperatures.
The surface attractive potentialsV turn out to be20.51 at
35 °C, but21.33 at 55 °C.

The microscopic parameters extracted from our SANS
data analysis scheme are crucial quantities that determine the
viscosity. It is remarkable that the important parameters can
be obtained based on such a simple structural model. The
quality of data fitting can be improved by taking into account
the resolution factor~desmearing! and by more careful mod-
eling of micellar microstructure. To correct the particle form
factor P(Q), modification can be made through taking into
account the micellar size polydispersity, slight deviation
from spherical shape, and diffusive density profile of the
polymer chains. In practice it is difficult to distinguish the
three effects by the scattering experiments. However, signifi-
cant shape change occurs at high temperature, and chain con-
formation and distribution profile have little to do with the
degree of hydration. In this paper we do not intend to elabo-
rate on the more detailed microstructure as long as the over-
all volume fraction and interaction potential can be obtained
with sufficient accuracy. The polymer chain distribution and
shape effects will be discussed in future work.

III. RHEOLOGY OF HARD SPHERES
WITH ADHESIVE SURFACES

The viscosity of colloidal dispersions in the limit of low
volume fraction is described by Einstein’s theory on hydro-
dynamic interaction between hard spheres@19#. Relative vis-

TABLE II. Parameters of microstructure and interaction of polymeric micelles extracted from SANS
experiments.

Core
Temperature Aggregation Hydration radius Diameter Potential Stickiness

(°C! N H ~Å! ~Å! V ( 1t )[12e exp(2V)

35 63 290 39.6 121 20.51 0.199
40 68 250 40.2 125 20.87 0.286
45 77 220 42.5 130 21.17 0.387
55 105 160 46.4 133 21.33 0.454

FIG. 6. SANS data and fits for P84 solutions at 40 °C~upper
graph! and 55 °C~lower graph! in absolute intensity scales. Sym-
bols are SANS data and solids lines are fits.
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cosityh r , defined as the ratio of the solution viscosityh to
the solvent viscosityh0, is related the volume fractionf by

h r5112.5f. ~16!

At high volume fractions, the linear relationship is insuf-
ficient. It is common to adopt an empirical approach by ex-
panding the relative viscosity to higher orders of volume
fraction:

h r5112.5f1a2f
21a3f

31•••. ~17!

The polynomial coefficients obtained by different authors
usually have different values, even in the simplest case of a
hard sphere system. These coefficients are found to depend
on shear, frequency, and even volume fractionf. In the low
shear limit, Batchelor obtaineda256.2 for hard spheres@21#.
Phillips, Brady, and Bossis calculateda255.07 @22#. de
Kruif et al. calculated the range for the coefficients and
found thata25462 anda3542610 for the low shear limit
while a352567 for the high shear limit@20#. Brady showed
that thea2 from Brownian contribution is proportional to the
pair correlation function at contact@23#. A review on the
predictions based on Smoluchowski-type theories on the
hard sphere system can be found in Jorquera and Dahler’s
publication@24#.

The viscosity of colloidal dispersions contains contribu-
tions from the hydrodynamic interaction and the interparticle
interaction contribution. The hydrodynamic contribution
dominates at low volume fraction. However, at high volume
fraction, the interparticle interactions dominate. To some ex-
tent, the problem in the polynomial expansions is due to a
lack of an accurate description of interactions among the
colloidal particles.

We use a systematic method to evaluate the low shear
viscosity of interacting suspensions up to high volume frac-
tions. The relative viscosityh r5h/h0 can be decomposed
into the hydrodynamic interaction and the contribution from
interparticle interaction,

h r5hHD1h I . ~18!

For calculating the hydrodynamic viscosity of spherical
dispersion particles, the Batchelor-Green equation is used
@25#:

hHD5112.5f15.2f2. ~19!

The hydrodynamic viscosity is entirely dissipative. The
viscoelasticity comes from the contribution of the interpar-
ticle interactions. To account for the interaction contribution,
Cohen and co-workers investigated the viscoelasticity of the
hard sphere system derived from a characteristic cage diffu-
sivity D @26#. Based on earlier theories of Batchelor@21# and
Ronis@27#, de Schepper, Smorenburg, and Cohen have given
a general formula for viscoelasticity in terms of the pair cor-
relation function and the pairwise potential under shear at
frequencyv @28#. The interparticle potential can be related
to the direct correlation functionc(r ) under the mean spheri-
cal approximation~MSA!. The viscoelasticity at zero shear
rate has been derived in terms of the equlibrium structure
factorS(k) and its derivativeS8(k) in momentum space as
@28#

h I~f,v!5
kBT

60p2h0
E
0

`

dkk4FS8~k!

S~k! G2 1

2vH~k!2 iv
,

~20!

where

vH~k!5
D0k

2

xS~k!d~k!
~21!

is the linewidth of the dynamic structure factorS(k,v) and
d(k)512 j 0(ks)12 j 2(ks), where j i(x) is the spherical
Bessel function of thei th order. Here

D05
kBT

3h0ps
~22!

is the Stokes-Einstein diffusivity withs the diameter of the
particle andx the value of pair correlation function at con-
tact.

The real and imaginary parts of the frequency-dependent
complex viscosityh(v)5h8(v)1 ih9(v) can be calcu-
lated. The viscoelasticity and thus the shear modulus of an
interacting system can be theoretically evaluated once the
structure factorS(Q) and pair correlation functiong(r ) are
given.

The relative viscosity at zero frequencyv due to the in-
terparticle interaction is given by a numerical integral inQ
space (Q[ks):

h I5
x

40pE0
`

dQQ2d~Q!
@S8~Q!#2

S~Q!
. ~23!

This general formula is quite simple and elegant. The low
shear viscosity can be evaluated once an analytical form of
the interparticle structure factorS(Q) is known. Analogous
to the hydrodynamic interaction, the viscosity due to the in-
terparticle interactions among the solute particles depends on
the volume fraction. The integral shows thatS(Q) near its
peak position has little contribution to the viscosity, contrary
to the diffusivity coefficient.

The great advantage of this approach is that the essential
quantities in the evaluation of relative viscosity, i.e., volume
fractionf and structure factorS(Q), can be obtained from
the scattering experiments. This methodology is especially
useful when applied to an interacting system for solute con-
centration above the dilute limit. This method has been used
in the hard sphere and charged hard spheres systems. de
Schepper, Smorenburg, and Cohen calculated the viscosity
and viscoelasticity of the hard spheres up to volume fraction
0.6 @28# and compared with the experimental measurements
of silica spheres in cyclohexane@20#. Liu and Sheu modified
the formulation and applied to an ionic micellar system with
a repulsive interaction in addition to the hard sphere interac-
tion, and extracted the intermicellar structure factorS(Q)
from SANS experiments@29#.

Previous studies were confined to spherical or quasi-
spherical systems with the interparticle interactions of the
hard sphere repulsion and ionic repulsion. Here we further
extend to systems with an attractive interaction.

We calculate the relative viscosity for a system composed
of spherical particles with a hard core and an adhesive sur-
face. The formulation of structure factorS(Q) and its deriva-
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tive S8(Q) based on Baxter’s adhesive hard sphere model
was given in Sec. II. The value of the pair correlation func-
tion at contact is given byx5l/(12e).

In a simplified sticky sphere model the fractional surface
thicknesse is taken to be zero for calculatingS(Q) @30#.
This simplification causes little difference inS(Q) for the
Q range considered in small angle neutron and x-ray scatter-
ing experiments. However, the sticky sphere model with this
simplification cannot be used to evaluate viscosity because
of a divergent pair correlation function.

The low shear viscosity of an adhesive hard sphere sys-
tem is determined by three parameters: the volume fraction
f, the surface adhesive potentialV, and the dimensionless
surface layer thicknesse. Volume fraction is the only param-
eter in evaluating the hydrodynamic part of the viscosity.
The total relative viscosity and its two contributions as a
function of f are illustrated in Fig. 7 for a sticky sphere
system with surface potentialV521 and surface layer
e50.01. In this case whenf is higher than 0.27, the inter-
action part dominates the relative viscosity. The exact coef-
ficient a2 in the hydrodynamic contributionhHD is insignifi-
cant. Numerical use of the Batchelor-Green equation
(a255.2) or the Batchelor equation (a256.2) makes a neg-
ligible difference in the total relative viscosity.

The surface potentialV plays a major role in evaluating
the low shear viscosity. Figure 8 shows the relative viscosity
as a function off for two surface potential values in com-
parison with the hard sphere model. It is clear that the sur-
face adhesion increases the relative viscosities significantly.
The hydrodynamic contributionh HD is the same, but the
interaction contributionh I for an adhesive hard sphere sys-
tem starts to dominate at lowerf than in the case of the hard
sphere system. The attraction can induce phase transition,
and its dependence on volume fraction has been discussed in
Baxter’s original paper@17#.

The surface layer thicknesse also plays a remarkable
role. The effect of layer thickness is significant when the

surface potential is very attractive. Figure 9 shows the inter-
action part of the relative viscosityh I as a function of sur-
face potentialV at differente values. Unlike the scattering
properties, the rheological behaviors of the adhesive hard
sphere systems rely on both surface potential and surface
thickness. The second virial coefficient or stickiness param-
eter 1/t alone is insufficient for evaluating the low shear
viscoelasticity. Although different sets of (V,e) may corre-
spond to similarS(Q) at low Q, the discrepancies at large
Q ~see Fig. 5! are responsible for the different viscosity val-
ues. The dependence on largeQ can be well understood from
the prefactorQ2 in the numerical integral. Take the same
three (V,e) sets in Fig. 5, for example. The volume fraction
is 0.2 andt is 3.066 for all three cases. However, the calcu-
lated relative viscosity values for the configurations of
~0.0986, 0.03!, (21.0, 0.01!, and ~22.609, 0.002! are 1.84,
2.28 and 9.3, respectively.

FIG. 7. Relative viscosityh r for an adhesive hard sphere system
as decomposed into contributions from hydrodynamic parth HD

~dotted line! and interaction parth I ~dashed line!. System param-
eters areV521, e50.01 andt53.066. Relative viscosity~solid
line! is the sum of the two parts, dominated byhHD at low volume
fractions and byh i at high volume fractions.

FIG. 8. Theoretical calculation of relative viscosityh r as a func-
tion of volume fractionf for hard sphere~solid line!, sticky spheres
with surface adhesion potentialV521 ~dotted line!, andV522
~dashed line!. Surface thickness is fixed ate50.01.

FIG. 9. Contribution from interparticle interactionh I of the rela-
tive viscosity as a function of the surface potentialV at f50.1.
Solid, dashed, and dotted lines are for surface thickness
e50.003333, 0.01, and 0.03, respectively.
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IV. VISCOSITY OF TRIBLOCK COPOLYMER MICELLES

We develop a method to relate the microstructure to rheo-
logical properties of polymeric micellar spheres in aqueous
solutions with an attractive intermicellar interaction. The
structure-property relationship is of practical importance to
many colloidal systems in applications. It links a macro-
scopic quantity, the solution viscosity, with the microscopic
micellar structure on a nanometer scale. In solution, the mi-
croscopic information contains not only the details of micel-
lar constitution and structure, but also the specific form and
strength of the micelle-micelle interaction. The practicality
of this relationship is apparent because both the macroscopic
and microscopic quantities can be measured experimentally.

For the polymeric micelles formed by the block copoly-
mer surfactant, the structure and interaction have been suc-
cessfully obtained from analyses of SANS intensity distribu-
tion functions using a model of hard sphere with surface
adhesion. To verify the formalism and demonstrate its valid-
ity, the theoretical relative viscosity is calculated to compare
with experimental measurements.

The viscosity measurements of the Pluronic P84 polymer
solutions were made using a Low-Shear30 Contraves Vis-
cometer. Figure 10 shows the measured viscosity as a func-
tion of polymer concentration at five temperatures: 35, 40,
45, 55, and 60 °C. The concentration range was chosen the
same as in SANS experiments, from 2.6 to 23 wt %. Higher
concentrations correspond to the ordered phases and are not
studied. The viscosity data at 60 °C differ from those at
lower temperatures, indicating the deviation from the spheri-

cal shape of the polymeric micelles. The sphere-to-rod tran-
sition of micellar solution, i.e., shape effect, has profound
influence on rheology. We focus on the spherical particles
and analyze viscosity data only in the region of spherical
micelles.

Based on the parameters obtained from SANS analyses of
the PEO-PPO-PEO micellar solutions, the relative viscosity-
volume fraction curves are evaluated using the formulas de-
veloped in the previous section. The theoretical values of the
viscosity can be calculated by multiplying the solvent viscos-
ity at the corresponding temperature. Figure 11 shows the
theoretical curves of the relative viscosityh r and viscosity
h in the unit of centipoise~by multiplying 0.504 cP, the
solvent viscosity! as a function of hydrated volume fraction,
for the Pluronic P84 micellar solutions at 55 °C.

In the micellar phase, the microstructure of the micelle
and the intermicellar interaction potential are highly tem-
perature dependent but independent of the polymer concen-
tration. Upon increasing temperature, the polymeric micelles
undergo an increasing tendency of aggregation and dehydra-
tion, together with an enhanced surface adhesion. This tem-
perature dependence behavior can be understood from the
increasing hydrophobicity of the copolymer surfactant. The
microscopic picture of the micelles can also be deduced from
the rheological behaviors. In the dilute region careful analy-
sis of intrinsic viscosity can yield the information on the
degree of hydration. In the concentrated region viscosity re-
flects the strength of the intermicellar interactions.

Figure 12 shows the theoretical calculation of the vis-
cosity of triblock copolymer solutions at 35, 40, 45, and
55 °C, in comparison with experimental measurements. The
calculations use the volume fraction and potential values ex-
tracted from SANS experiments as listed in Table II. It
should be noted that no adjustable parameters are used to
evaluateh r at each temperature. The viscosity values at high
volume fractions are extremely sensitive to the volume frac-
tion and the surface adhesion. The theoretical curves agree
with experimental data very well for all four temperatures.
The agreements demonstrate the validity of the assumptions
made in the process of formulating the low shear viscosity.

FIG. 10. Measured viscosityh of Pluronic P84 micellar solu-
tions as a function of polymer concentrationc ~wt %! at various
temperatures. The symbols are shown as diamonds~35 °C!, circles
~40 °C!, squares~45 °C!, open triangles~55 °C! and filled triangles
~60 °). The dashed lines are to guide the eye. Top graph shows the
low concentrations and bottom graph shows the higher concentra-
tions.

FIG. 11. Theoretical predictions of the viscosityh ~units of
centipoise! and relative viscosityh r for triblock copolymer micelles
at 55 °C, as a function of hydrated volume fractionf.
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V. CONCLUSION

A methodology for studying the relationship between the
microstructure and rheology of a nonionic colloidal disper-
sion with an effective attractive interparticle interaction has
been established. As an example, spherical micelles formed
by self-association of a triblock copolymer surfactant con-
sisting of polyethylene oxide and polypropylene oxide in
aqueous solutions have been investigated at various tempera-
tures and polymer concentrations.

The microstructure of the micelle in nanometer scale is
studied in detail with small angle neutron scattering experi-
ments. The aggregation number and hydration number of the
micelles are extracted from SANS data analyses. As tem-
perature increases, the aggregation number is enhanced while
hydration is suppressed due to the increased hydrophobicity
of the block copolymer. At moderate concentrations, the in-
termicellar interaction is well described by Baxter’s potential
where a micelle is considered to be a hard sphere with sur-
face adhesion. The attractive interaction at the micellar sur-
face increases with temperature.

Rheology of the polymeric micelles is related to the mi-

crostructure and intermicellar interaction in solution. Low
shear viscoelasticity is calculated by summing the hydrody-
namic interaction and the contribution from the intermicellar
interaction. Surface adhesion effectively increases the rela-
tive viscosity in comparison with a hard sphere system. The
relative viscosity is determined by the surface potential and
the surface layer thickness.

The low shear viscosity of the triblock copolymer mi-
celles in aqueous solutions is measured. Theoretical
viscosity-volume fraction curves are calculated based on the
volume fractions and structure factors extracted from the
scattering experiments. Good agreements are obtained up to
a volume fraction of 0.4 between the theoretical predictions
and the measured values.

The crucial parameters in the evaluation of the low shear
viscosity include the volume fractionf, the surface potential
V, and surface layer thicknesse. The micellar volume frac-
tion can be accurately determined by the degree of hydration.
The surface potential and adhesive layer thickness describe
the short range interactions, and cannot be uniquely deter-
mined from SANS alone. On the other hand, viscosity at
high concentration is very sensitive to these two parameters.
SANS data analysis shows that the effective attraction of the
polymeric micelles increases at higher temperature, corre-
sponding to larger 1/t values. This gives rise to higher rela-
tive viscosity. This increase, however, may result either from
more negative surface potentialV or from thicker adhesive
layer e. Evaluation of viscosity at high volume fractions al-
lows a more accurate determination of the two parameters.

This methodology, demonstrated in the block copolymer
micellar solutions, could be applicable to study the structure-
rheology relationship in many polymeric and colloidal sys-
tems where the dominant interparticle interaction is attrac-
tive.
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